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Abstract
In this article we give a sufficient condition for a space X to have the fully closed absolute f aX with the property f a(f aX) =
f aX. An example of a compact space X such that the canonical mapping f a(α+1)X → f a(α)X (where α is a given ordinal) is
not a homeomorphism is constructed. Also we give an example of a compact space X such that the canonical mapping f aX → X
is not a homeomorphism but for which there exists a homeomorphism f aX → X.
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1. Introduction
Fully closed absolutes were defined by the first author in [2]. For a compact Hausdorff space X the fully closed
absolute f aX is obtained by “inserting” into each non-isolated point x of X the remainder of the Stone– ˇCech com-
pactification of X \{x}; the resulting space has the topology of a fiber product. A similar description of the fully closed
absolute can be given for an arbitrary regular space X (see below). Generally the fully closed absolute does not have
the property f a(f aX) = f aX and we have the inverse system
f a(0)X = X, f a(α+1)X = f a(f a(α)X), πα+1α :f a(f a(α)X) → f a(α)X,
f a(λ)X = lim←−
{
f a(α)X, παβ , α,β < λ
} (λ is a limit ordinal).
Ul’yanov [5] gave a sufficient condition for a space X to satisfy an equality f a(2)X = f aX; the class of spaces
satisfying this condition includes all first countable compacta X. Here we obtain a more general result; in particular,
we show that all normal first countable spaces satisfy the mentioned equality. Then we construct (for every ordinal α)
a compact space X such that the mapping πα+1α :f a(α+1)X → f a(α)X is not a homeomorphism. Also we give an
example of a compact space X such that the canonical mapping f aX → X is not a homeomorphism but for which
there exists a homeomorphism f aX → X.
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are not necessarily open. The collection of all non-isolated points of X is denoted by X′. Let f :X → Z and g : Y → Z
be continuous mappings; we write f  g if there exists a continuous mapping h :Y → X such that g = f ◦ h.
A continuous mapping f :X → Y is said to be fully closed [2] if for each y ∈ Y and each finite cover U of f−1(y)
by open in X sets, the set {y} ∪⋃U∈U f #U is a neighborhood of y. Here f #U = {y ∈ Y : f−1(y) ⊂ U}.
Proposition 1. (See [4].) Let X be a regular space. Then fully closed surjections f :X → Y are exactly those quotient
mappings that correspond to decompositions D of X satisfying the following equivalent conditions:
(ST) For every x ∈ X and every neighborhood U of x there exists a neighborhood V ⊂ U of x such that⋃{D ∈D: x /∈ D and D ∩ V = ∅} ⊂ U .
(ST′) For every x ∈ X and every neighborhood U of x there exists an open neighborhood V ⊂ U of x such that⋃{D ∈D: x /∈ D and D ∩ V = ∅} ⊂ V .
The following is a reformulation of Proposition 11 in [4]:
Proposition 2. (See [4].) A decomposition D of a space X consisting of closed sets satisfies condition (ST) if and only
if the diagonal product of canonical quotient mappings qD :X →DD (D ∈D), whereDD = (D\{D})∪{{x}: x ∈ D},
is a topological embedding.
Let X be a Hausdorff space and x ∈ X′ a non-isolated point of X. We say that a Hausdorff space exX containing
X \ {x} is an x-extension of X [3] if X \ {x} is dense in exX and the mapping ex : exX → X defined by
ex(t) =
{
x if t ∈ exX \ (X \ {x}),
t if t ∈ X \ {x}
is perfect. Note that if X is regular then all x-extensions are also regular. If X is normal then all x-extensions are
Tychonoff [3] (II.4.52). If X is compact then x-extensions are just compactifications of X \ {x}. Let Ex(X) be the set
of representatives of equivalence classes of mappings ex : exX → X, where exX is an x-extension of X. (For example,
we may assume that in exX, where ex ∈ Ex(X), each point t ∈ e−1x (x) is a filter on X \ {x}.) If x is an isolated point
of X then we put Ex(X) = {idX}. It is easily checked that Ex(X) is partially ordered by the relation .
Let fi :Xi → Y (i ∈ I ) be a family of mappings; a fiber product π :Π → Y of this family is defined by
Π = {x ∈∏i∈I Xi : fj (xj ) = fk(xk) for all j, k ∈ I }, π :x → fi(xi). A surjective mapping f :X → Y is called irre-
ducible if for each nonempty open U ⊂ X there exists y ∈ Y such that f−1(y) ⊂ U .
Theorem 3. (See [3].) A mapping f :X → Y of a regular space X onto a regular space Y is fully closed, perfect,
and irreducible if and only if there exists ey ∈ Ey(Y ) for each y ∈ Y such that f is equivalent to the fiber product of
mappings ey (y ∈ Y).
Proof. Necessity. Let D = {f−1(y): y ∈ Y }. Using condition (ST′), it is easy to check that for each y ∈ Y the space
Dy = (D \ {f−1(y)}) ∪ {{x}: x ∈ f−1(y)} with the quotient topology is Hausdorff. We have f = πy ◦ qy , where
qy :X →Dy and πy :Dy → Y are canonical quotient mappings. Since f is perfect, qy and πy are also perfect. Note
that πy |(D \ {f−1(y)}) is a homeomorphism of D \ {f−1(y)} onto Y \ {y}. It is easily verified that if y is an isolated
point of Y then f−1(y) consists of an isolated point of X; hence πy :Dy → Y is a homeomorphism. Assume now
that y ∈ Y ′. Then D \ {f−1(y)} is dense in Dy . Thus πy is equivalent to some ey ∈ Ey(Y ). By Proposition 2 the
diagonal product of mappings qy :X →Dy is a topological embedding. Hence f is equivalent to the fiber product of
mappings πy (y ∈ Y). Since πy is equivalent to ey , f is equivalent to the fiber product of mappings ey : eyY → Y
(y ∈ Y).
Sufficiency. Since mappings ey : eyY → Y (y ∈ Y) are perfect, their fiber product π is also perfect. By Proposi-
tion 9 in [4] the collection of fibers of π satisfies condition (ST). Hence by Proposition 1 π is fully closed. Using
condition (ST), it is easy to check that π is irreducible. 
Proposition 4. (See [3].) For every point x of a Hausdorff space X there exists x ∈ Ex(X) such that ex  x for every
ex ∈ Ex(X).
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ex are perfect, π is also perfect. Since π |π−1(X \ {x}) :π−1(X \ {x}) → X \ {x} is a bijection, it is a homeomorphism.
Put B = clΠ(π−1(X \ {x})). The mapping π |B :B → X is clearly perfect. Thus there exist x ∈ Ex(X) and a home-
omorphism h : xX → B such that x = π ◦ h. Take an arbitrary ex ∈ Ex(X). Put gx = prx ◦ h : xX → exX, where
prx :Π → exX is a canonical projection. We have x = ex ◦ gx , hence ex  x . 
Let X be a regular space and πX :f aX → X be the fiber product of mappings x : xX → X (x ∈ X), where x is a
maximal element in Ex(X). The space f aX is called the fully closed absolute of X. By Theorem 3 πX is fully closed,
perfect, and irreducible and for each fully closed, perfect, and irreducible mapping f :T → X of a regular space T
onto X we have f  πX . Note that if X is compact then xX = β(X \ {x}) for every x ∈ X′.
2. An equality f a(2)X = f aX
The following theorem is a direct consequence of results announced by Ul’yanov in [5]:
Theorem 5. (See Ul’yanov [5].) Let X be a paracompact locally compact space such that for every point x ∈ X there
exists an neighborhood W with W \ {x} normal. Then πfaX :f a(2)X → f aX is a homeomorphism.
In this section we obtain a more general result.
Lemma 6. Let S be a subspace of X and x ∈ X′ ∩ intS. Then xX \ (X \S) is an x-extension of S which is equivalent
to xS.
Proof. Let x : xX → X and Sx : xS → S be canonical surjections. Observe that −1x (S) = xX \ (X \ S) is an
extension of S \ {x}. Since x is perfect, x |−1x (S) : −1x (S) → S is also perfect. Thus −1x (S) is an x-extension of S.
It suffices to prove that there exists a continuous mapping sx : −1x (S) → xS such that sx(t) = t for each t ∈ S \ {x}
and sx(−1x (x)) ⊂ (Sx )−1(x). Consider the topology on ′xX = xS ∪ (X \ S) defined as follows: U is open in ′xX if
and only if U ∩ (X \ {x}) is open in X \ {x} and U ∩ xS is open in xS. The space ′xX is a Hausdorff extension of
X \ {x} and xS is a subspace of ′xX. It is easily checked that the canonical surjection ′x : ′xX → X is quotient. Note
also that (′x)−1(x) = (Sx )−1(x) is compact. Thus the mapping ′x : ′xX → X is perfect and ′xX is an x-extension
of X. Therefore, there exists a continuous mapping σx : xX → ′xX such that σx(t) = t for every t ∈ X \ {x} and
σx(
−1
x (x)) ⊂ (′x)−1(x). Finally, we put sx = σx |−1x (S). 
Lemma 7. Let π :Π → Y be the fiber product of mappings fi :Xi → Y (i ∈ I ) and let S be a subset of Y . Then
π |π−1(S) :π−1(S) → S is a fiber product of mappings fi |f−1i (S) :f−1i (S) → S (i ∈ I ).
Proof. This is immediate. 
Proposition 8. Let U be an open subset of X. Then the mapping πX|π−1X (U) :π−1X (U) → U is equivalent to
πU :f aU → U .
Proof. Since πX :f aX → X is a fiber product of mappings x : xX → X (x ∈ X), by Lemma 7 the mapping
πX|π−1X (U) coincides with the fiber product of mappings x |−1x (U) (x ∈ X). By Lemma 6 for every x ∈ U the map-
ping x |−1x (U) is equivalent to Ux : xU → U . For every x ∈ X \ U we have x |−1x (U) = idU . Thus πX|π−1X (U) is
equivalent to the fiber product of mappings Ux : xU → U (x ∈ U) and hence is equivalent to πU :f aU → U . 
If X is a Tychonoff space and x ∈ X′ then by bx we denote the canonical surjection β(X \ {x}) → βX.
Lemma 9. Let X be a Tychonoff space and let x ∈ X′ be such that the space X \ {x} is normal. Then b−1x (X) is an
x-extension of X which is equivalent to xX.
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there exists a continuous mapping ξx : xX → b−1x (X) such that ξx(t) = t for every t ∈ X \ {x} and ξx(−1x (x)) ⊂
b−1x (x). Let p1,p2 ∈ −1x (x) be two distinct points and let U1 and U2 be open in xX sets such that pi ∈ Ui
(i = 1,2) and clxX U1 ∩ clxX U2 = ∅. Set Bi = clxX Ui ∩ (X \ {x}) (i = 1,2). From pi ∈ clxXBi we have
ξx(pi) ∈ clβ(X\{x})ξx(Bi) = clβ(X\{x})Bi . Since X \ {x} is normal, we have clβ(X\{x})B1 ∩ clβ(X\{x})B2 = ∅. This
implies ξx(p1) = ξx(p2). Thus the mapping ξx is injective. Since x = bx ◦ ξx is perfect, ξx is also perfect. Since
ξx(xX) contains X \ {x} and is closed in b−1x (X), we have ξx(xX) = b−1x (X). Thus ξx is a homeomorphism. 
Lemma 10. (See [3].) Let f :X → Y be a fully closed surjection. If B1 and B2 are disjoint closed in X sets, then
f (B1) ∩ f (B2) is discrete.
Proof. This follows easily from Proposition 1. 
Theorem 11. Let x ∈ X′ be such that the following conditions are satisfied:
(A) There exists a neighborhood W of x such that W is Tychonoff and W \ {x} is normal.
(B) If D ⊂ X is discrete and clXD \ D = {x} then there exists a sequence (di) in D which converges to x.
Then |π−1f aX(t)| = 1 for every t ∈ π−1X (x).
Proof. First we consider the case W = X. Assume the contrary; then there exist two distinct points p1,p2 ∈ −1t (t),
where t : tf aX → f aX is a canonical mapping. (Note that t is not isolated in f aX.) Let U1 and U2 be open in
tf aX sets such that pi ∈ Ui (i = 1,2) and clt f aXU1 ∩ clt f aXU2 = ∅. Set Bi = (f aX \ {t}) ∩ clt f aXUi , Fi =
Bi \ π−1X (x), and Ti = πX(Fi) (i = 1,2). Let τx :f aX → xX be the canonical surjection; since πX :f aX → X is
perfect and x ◦ τx = πX , the mapping τx is also perfect. We have Ti = τx(Fi) (i = 1,2).
Let us prove that
−1x (x) ∩ clxXT1 ∩ clxXT2 =
{
τx(t)
}
. (1)
Let V be an arbitrary neighborhood of t in f aX. Since πX :f aX → X is irreducible, f aX \π−1X (x) is dense in f aX.
Hence f aX \π−1X (x) is dense in tf aX. We have Fi ∩V ⊃ Ui ∩ −1t (V )∩ (f aX \π−1X (x)) = ∅, since Ui ∩ −1t (V )
is a neighborhood of pi . Thus t ∈ clf aXFi . This implies that τx(t) ∈ clxXTi (i = 1,2).
Take an arbitrary s ∈ −1x (x)\ {τx(t)}. Then there is a unique t ′ ∈ τ−1x (s) ⊂ π−1X (x)\ {t}. Set Wi = (f aX \ {t})\Bi
(i = 1,2). Since f aX \ {t} = W1 ∪W2, there exists j ∈ {1,2} such that t ′ ∈ Wj . Let us assume that t ′ ∈ W1. Since πX
is fully closed, O = (W1 ∩ π−1X (x)) ∪ π−1X π#XW1 is an open neighborhood of t ′ in f aX (see Proposition 1). Since τx
is quotient and τ−1x (τx(O)) = O , τx(O) is an open neighborhood of s in xX. We have O ∩ B2 ⊂ W1 ∩ B2 = ∅ and
τx(O)∩ τx(B2) = ∅ (since τ−1x (τx(O)) = O). Therefore, τx(O)∩ T2 = ∅ and s /∈ clxXT2. The equality (1) is proved.
Let D = T1 ∩T2. By Proposition 8 the mapping πX|f aX \π−1X (x) :f aX \π−1X (x) → X \ {x} is fully closed. Since
F1 and F2 are disjoint and closed in f aX \π−1X (x), by Lemma 10 D = πX(F1)∩πX(F2) is discrete. By Lemma 9 we
have xX ⊂ β(X \ {x}), therefore, by (1) τx(t) ∈ clβ(X\{x})T1 ∩ clβ(X\{x})T2. Since X \ {x} is normal and T1 and T2 are
closed in X \ {x}, we obtain τx(t) ∈ clβ(X\{x})D and τx(t) ∈ clxXD. This yields x = x(τx(t)) ∈ clXx(D) = clXD.
As D is closed in X \{x}, we have clXD \D = {x}. By (B) there exists a sequence (di) of points of D converging to x.
Set D1 = {di : i ∈ ω}. Since clβ(X\{x})D1 ⊂ b−1x (clβXD1) ⊂ b−1x (X) = xX, by (1) we have clβ(X\{x})D1 = clxXD1 ⊂
D1 ∪ {τx(t)}. By normality of X \ {x} we get βD1 ∼= clβ(X\{x})D1 and hence |βD1 \ D1| 1, a contradiction.
Now we consider the general case. Let W be a closed neighborhood of x such that W is Tychonoff and W \ {x} is
normal. Obviously, we have
(BW) If D ⊂ W is discrete and clWD \ D = {x} then there exists a sequence (di) in D which converges in W to x.
Thus |π−1f aW (t)| = 1 for every t ∈ π−1W (x). Let U ⊂ W be an open neighborhood of x in X. By Proposition 8
there exist embeddings hX :f aU → f aX and hW :f aU → f aW such that πX ◦ hX = πU = πW ◦ hW . The
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tion 8 we have |π−1f aU (t ′)| = 1 for every t ′ ∈ π−1U (x). Similarly, hX(f aU) = π−1X (U) is an open neighborhood of
hX(π
−1
U (x)) = π−1X (x) in f aX, therefore, |π−1f aX(t ′′)| = 1 for every t ′′ ∈ π−1X (x). 
Corollary 12. Let X be a Tychonoff space. If for every point x ∈ X there exists a neighborhood W such that W is
countably compact and W \ {x} is normal then πfaX :f a(2)X → f aX is a homeomorphism.
Proof. Let x ∈ X′ and let D ⊂ X be a discrete set such that clXD \ D = {x}. Let W be a countably compact neigh-
borhood of x. Pick an injective sequence (di) such that {di : i ∈ ω} ⊂ D ∩ W ; then (di) obviously converges to x.
Thus the condition (B) is fulfilled. By Theorem 11 the mapping πfaX is bijective. Since πfaX is closed, it is a
homeomorphism. 
Corollary 13. If X is normal and first countable then πfaX :f a(2)X → f aX is a homeomorphism.
Proof. Let x ∈ X′. The condition (B) is obviously satisfied. Also X \ {x} is normal since it is an Fσ -set in X. 
Problem. Describe those spaces X for which the following condition is satisfied: the mapping ρ :T → X is equivalent
to πX :f aX → X if and only if ρ is fully closed, perfect, irreducible, and f aT = T .
3. A compact space X such that πα+1α :f a(α+1)X → f a(α)X is not a homeomorphism
Let τ be a fixed ordinal and T = τ +1 the space of all ordinals τ with the usual order topology. By T (α) we denote
a Cantor–Bendixon derivative of T of order α. Let I κ be a Tychonoff cube with κ  ω1 that contains a copy of T . Let
Ci = I κ ×{i} (i = 1,2) be two copies of I κ and ei (i = 1,2) a homeomorphism of T onto a closed subspace Ti of Ci .
For each closed subset S of T , let K(S) be a quotient space obtained from the sum of C1 and C2 by identifying e1(S)
with e2(S) through a homeomorphism e2 ◦ e−11 :T1 → T2. We have canonical embeddings φSi :Ci → K(S) (i = 1,2)
and χS :S → K(S). If S and R are closed in T and S ⊂ R then there is a canonical mapping qSR :K(S) → K(R).
Lemma 14. Let x ∈ I κ , where κ  ω1. Then β(Iκ \ {x}) ∼= I κ .
Proof. See [1] (3.12.23(c)).
Lemma 15. Let S be a closed subset of T and x ∈ K(S). If x /∈ χS(S \ S′) then xK(S) ∼= K(S). If x = χS(s), where
s ∈ S \ S′, then xK(S) ∼= K(S \ {s}).
Proof. We have xK(S) ∼= β(K(S) \ {x}). Set CSi = φSi (Ci) and Ri = −1x (x) ∩ clxK(S)(CSi \ {x}) (i = 1,2). As
K(S) = CS1 ∪ CS2 , we have −1x (x) = R1 ∪ R2. Let j ∈ {0,1} be such that x ∈ CSj . The space clxK(S)(CSj \ {x}) is a
compactification of CSj \ {x}, therefore, by Lemma 14 |Rj | = 1.
If x ∈ intK(S)CSj then −1x (x) = Rj , therefore, xK(S) is a one-point compactification of K(S)\ {x} and xK(S) ∼=
K(S). If x = χS(s), where s ∈ S′, then x ∈ clK(S)χS(S \ {s}). Therefore, the set Z = −1x (x) ∩ clxK(S)χS(S \ {s}) is
non-empty. Since χS(S \ {s}) ⊂ (CS1 \ {x})∩ (CS2 \ {x}), we have Z ⊂ R1 ∩R2. Thus R1 = R2 and again |−1x (x)| = 1.
Assume now that x = χS(s), where s ∈ S \ S′. Then K(S \ {s}) is a two-point compactification of K(S) \ {x}. Let
m :β(K(S) \ {x}) → K(S \ {s}) be the canonical surjection; since |R1 ∪ R2| 2, the mapping m is a bijection. Thus
xK(S) ∼= K(S \ {s}). 
Lemma 16. Let S be a closed subset of T . Then πK(S) :f aK(S) → K(S) is equivalent to qS′S :K(S′) → K(S).
Proof. It follows from Lemma 15 that for every x ∈ K(S) there is a quotient mapping mx :K(S′) → xK(S) such that
qS
′
S = x ◦ mx . Let μ :K(S′) →
∏
x∈K(S) xK(S) be the diagonal product of mappings mx (x ∈ K(S)). Obviously, μ
maps K(S′) into f aX and πK(S) ◦ μ = qS′S . It is easily checked that the mapping μ is injective and that μ(K(S′)) =
f aK(S). As K(S′) is compact, μ is a homeomorphism of K(S′) onto f aK(S). 
V.V. Fedorchuk, A.P. Pyshchev / Topology and its Applications 154 (2007) 2976–2982 2981If α < β are ordinals then we set gβα = qT (β)T (α) :K(T (β)) → K(T (α)).
Lemma 17. The inverse systems{
f a(α)K(T ), παβ , α,β < λ
}
and
{
K(T (α)), gαβ , α,β < λ
}
are equivalent.
Proof. We must prove that for every limit ordinal ξ < λ the space K(T (ξ)) is canonically homeomorphic to
L = lim←−
{
K(T (α)), gαβ , α,β < ξ
}
.
If α < β < ξ then gβα ◦ gξβ = gξα , therefore, there exists a unique continuous mapping h :K(T (ξ)) → L such that
g
ξ
α = pα ◦ h for every α < ξ (here pα :L → K(T (α)) a canonical projection). Since T (ξ) =⋂α<ξ T (α), the mapping
h is injective. As all mappings gξα (α < ξ) are surjective and the spaces considered are compact, the mapping h is also
surjective (see e.g. [3] (I.3.20)). Thus h is a homeomorphism. 
Theorem 18. For each ordinal α there exists a compact space X such that the mapping πα+1α :f a(α+1)X → f a(α)X
is not a homeomorphism.
Proof. This is an immediate consequence of Lemma 17. 
Lemma 19. Let Ω = ω1 + 1 be the set of all ordinals  ω1 with the order topology. There exist a topological embed-
ding e :Ω → Iω1 and a homeomorphism h : Iω1 → Iω1 such that e ◦λ = (h◦ e)|Ω ′, where λ : Ω ′ → Ω is a canonical
order-preserving bijection of the set of all limit ordinals  ω1 onto Ω .
Proof. Let
A = ((ω + 1) × (Ω \ Ω ′))∪ ({ω} × Ω ′).
We shall identify IA with Iω1 . For each α  ω1 set
Aα =
{
(β, γ ) ∈ A: γ < α or (γ = α and β < ω)}.
The mapping e :Ω → IA is defined by e(α) = χAα , where χAα :A → {0, 1} is a characteristic function of Aα . Ob-
viously, e is injective. For each (β, γ ) ∈ A the mapping pr(β,γ ) ◦ e :α → χAα (β, γ ) is continuous, hence e is a
topological embedding.
For each ξ ∈ Ω ′ \ Ω ′′ set
Bξ =
{
(α,β) ∈ Aξ : β > ζ for all ζ ∈ Ω ′ such that ζ < ξ
}
.
Obviously, |Bξ | = ω; let μξ :Bξ → ω be a certain bijection. Note that A is a disjunctive sum of {ω} ×Ω ′ and the sets
Bξ (ξ ∈ Ω ′ \ Ω ′′). Now we define a bijection f :A → A by
f (α,β) =
{
(ω,λ(β)) if (α,β) ∈ {ω} × Ω ′,
(μξ (α,β),λ(ξ)) if (α,β) ∈ Bξ (ξ ∈ Ω ′ \ Ω ′′).
It is easily checked that f (Aξ ) = Aλ(ξ) for each ξ ∈ Ω ′.
Now we define a homeomorphism h : IA → IA by h(φ) = φ ◦ f−1. We have
h
(
e(ξ)
)= h(χAξ ) = χAλ(ξ) = e(λ(ξ))
for each ξ ∈ Ω ′. 
Theorem 20. There exists a compact space X with f aX homeomorphic to X and such that πX :f aX → X is not a
homeomorphism.
2982 V.V. Fedorchuk, A.P. Pyshchev / Topology and its Applications 154 (2007) 2976–2982Proof. Set τ = κ = ω1; thus T = Ω = ω1 + 1. Let e :Ω → Iω1 and h : Iω1 → Iω1 be as in Lemma 19. Define the
embeddings ei :Ω → Iω1 × {i} (i = 1,2) by ei(α) = (e(α), i). The mapping H :K(Ω ′) → K(Ω) defined by
H
(
φΩ
′
i (p, i)
)= φΩi (h(p), i)
is obviously a homeomorphism. The result now follows from Lemma 16. 
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